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Abstract. We study the one-dimensional deformed t — t' — J model in terms of the continuum field theories. 
We found that at low doping concentration and far away from the phase separation regime, there are two 
phases: the Luttinger liquid and the Luther-Emery liquid, depending on t' /t < {t' /t)c or t' /t > {t' /t)c, 
where (t' /t)c > 0. Moreover, the singlet superconducting correlations are dominant in the Luther-Emery 
liquid. 

PACS. 71.10.Fd -Lattice fermion models - 71.10.Hf -Non-Fermi-liquid ground states - 74.20.Mn -Non- 
conventional mechanisms 



1 Introduction 

Strong electronic correlations are widely believed to be 
crucial for the understanding of the anomalous properties 
of high-temperature superconductors. A popular approach 
in this context is the use of the t—J model, with holes mov- 
ing in an antiferromagnetic (AF) spin background. (Here t 
and J are the nearest-neighbor hopping amplitude and the 
AF exchange interaction, respectively.) In recent years, 
the measurements of angle resolved photoemission spec- 
troscopy (ARPES) in Sr2Cu02Cl2'r indicate that it is 
necessary to include a next-nearest-neighbor hopping term 
to explain the ARPES data, which leads to the "extended" 
t—J model. Subsequent efforts have concentrated on the 
effects of the extra hopping terms on various properties 
of planar and ladder systems, such as stripe stability 
competition between stripes and pairing^, spin-charge 
separation in two dimensions and spin gap evolution 
in two-leg ladders j^j. Currently, it is well-established that 
a positive value of the next-nearest-neighbor hopping t' 
enhances hole pairing, while the opposite occurs for t' 
negative 

In the present paper, we study the deformed version of 
the one-dimensional (ID) t — t' — J model (see the follow- 
ing). Our main results are as follows: (i) Far away from the 
phase separation regime {J/t <^ 1), there are two phases 
at low doping concentration: the Luttinger liquid (LL) for 
t' /t < {f /t)c and the Luther-Emery (LE) liquid (spin-gap 
phase) for t'/t > {t'/t)c, where {t'/t)c > 0. (The LE liquid 
is a spin-gapped state with one gapless charge mode.) (ii) 
The value of {f /t)c is expected to depend on the hole con- 
centration X and the ratio J/t. At low hole concentration 
(a: <C 1), however, it is insensitive to the value of J/t and 
is an increasing function of x. (iii) The spin gap is opened 
in the LE liquid and thus both 2kp charge density wave 



(CDW) and singlet superconducting (SS) correlations are 
enhanced. But it is the SS one which is dominant in the 
LE liquid. 

The rest of this paper is organized as follows: The de- 
formed t — t' — J model and the corresponding continuum 
theory are introduced in Section[21 Section|31is devoted to 
the phase diagram of the ID t — t' — J model. We study 
the properties of the ground state in the spin-gap phase 
in Section^ The last section is the conclusions and dis- 
cussions of our results. 



2 Deformed t — t' — J model 

We start with the ID i — <' — J model which is described 
by the Hamiltonian 

H = Hh + Hj , 

where 



H, 



i 

(4+2aCja +H.C 

j 

Hj = J ^ I Sj ■ Sj 



1 - 4 



Here the Hubbard operator^ Cja is given by 



(1) 

(2) 
(3) 



where Cja is the annihilation operator of electrons on the 
site j with spin a, and a =t,i correspond to spin up 
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and down, respectively. Moreover, rij = Cj^Cja and Sj ~ 

h '^]a('^)ai3Cji3- In the following, we shall take t,J > 0. 
The extra factor in the Hubbard operator is to impose 
the no-double-occupancy condition which results from the 
strong Coulomb repulsion between two electrons with op- 
posite spins on the same site. Inserting equation into 
Hh leads to four- and six-fermion interactions with the 
same strengths as the hopping amplitudes, which defies 
the perturbative approach. 

To overcome this difficulty, Chen and Wu proposed to 
replace the Hubbard operator J^J by the deformed one[7j 



4a = c]a(l - ^ri^-») 



(4) 



with the deformation parameter < Z\ < 1. That is, a 
non-zero probability to leak into the states with double 
occupancy is now allowed. The deformed model has the 
advantage that as < Z\ <C 1 and J/t <C 1, all four- and 
six-fermion interactions can be treated as perturbations 
and thus a field-theoretical approach can be performed. It 
is hoped that both the t — t' — J model {A = 1) and the 
deformed one (0 < Z\ ^ 1) fall into the same universality 
class. 

Now we would like to study the low-energy physics of 
the ID deformed t — t' ~ J model away from the phase 
separation regime. This can be achieved by studying the 
corresponding continuum field theory. Inserting equation 
I0J into equations and ((2Jl , expanding the electron op- 
erator around the Fermi points by 



(5) 



where x = jao with ao being the lattice spacing and kp is 
the Fermi momentum determined by the electron density 
n via kpao = ^n, (n = 1 corresponding to the half-filling.) 
and then taking the continuum limit (ao — > 0) by keeping 
tap, t'ttQ, and Jap finite, we found that the Hamiltonian 
describing the dynamics of '0-fermions, up to the four- 
fermion interactions, is given by 



where 






vr 


He = 


2 -co 




27r 


Hs = 


— 


3 



Vco ■ {JlJl + JrJr) ■ +^cJlJr , 



(6) 



Vs : {Jl ■ Jl + Jr ■ Jr) ■ +KJl ■ Jr , (7) 



with 



J, 



L{R) = ■■ '^[(R)a^L{R)c ■■ , 



(8) 



In the above, : • • • : stands for normal ordering with re- 
spect to the Fermi points. The parameters appearing in 
equations 10 and Q are defined by Vco = i'_F[l + 25c/(7rwF)], 
Vs = wf[1 + 3gs/ (27rwi?)], and 

Ac = 4|z\ (^1 - Z\^^ tcos (^^^ -f 2t'cos(7rr 



Zi /Tin 
— sm — - 
TT V 2 



J 2 
cos 

4 



t cos 



(7m) -|- At' cos (-^^ cos (27rn) 



A.s = -16 



/7rn 

{-( 



(9) 



2 



t cos I 



zi^ /7m\ 

sm — 

TT V 2 / 

J 9 /7rn\ 



t + 4t 



^Trn 



2t' cos {ttti) 



2 / 



(10) 



where vp = 2t (l — Z\|)^sin fci? 
Fermi velocity, and 



1 -f 4y coskp 



is the 



cjc = 2A{1- A-j cos + 2t' cos (ttti) 

+ t cos (ttti) + At' cos (^~2~) (27rn) 

A"^ fTm\ J 

X — sm — , 

TT V 2 / 4 ' 

.g, = -^{2Z\(l-Z\|) [tcos(^) +2<'cos(7rn) 

—j (2 + cos (27m)) 

im\ 3 



X sm I — 1 — -J 

TT V 2 / 4 



We have set ag = 1 in the above expressions. In equations 
and IjlUI) . the terms proportional to sin (7rn/2) arise 
from the six-fermion interactions in Hh, whereas the four- 
fermion interactions in H^ contribute to those propor- 
tional to A{1 — An/2). (For the details of derivation, see 
Appendix^) Note that the above equations are derived 
by assuming n ^ 1 and thus the Umklapp processes are ir- 
relevant operators which can be neglected. The higher or- 
der interactions between 7/;-fermions are neglected in H^. 
This is because in the weak-coupling regime {A <^ 1) they 
are irrelevant operators in the sense of renormalization 
group. 

Before exploring the physics contained by equations 
©, Q, and (^nj, three points have to be mentioned. 
First, the Umklapp processes are neglected, which changes 
the low-energy physics of the charge sector at half-filling 
drastically. Therefore, the following analysis about the 
charge sector cannot be extrapolated to that case. Next, 
the inclusion of t' modifies the dispersion relation of free 
electrons. It is possible that there are four Fermi points in- 
stead of two upon hole or electron doping. The low-energy 
physics in this case will be similar to that of the two-band 
system. However, this will occur only when \t' /t\ > 0.25 
and the doping concentration exceeds some critical value. 
On the other hand, the above derivation starts with the 
one-band assumption — equation (jSj). Thus, we shall ap- 
ply equations ©, iQ, ©, and (|10|l to the following situa- 
tions: (i) finite doping concentrations for \t' /t\ < 0.25 and 
(ii) hght doping for \t' /t\ > 0.25. Finally, equations ® 
and (|10|l are valid only when A ^ 1 and J/t ^ 1. Since 
the ID t—J model is phase separated as J/t > 0(1) 8 , the 
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Hamiltonian H^p describes the low-energy physics in the 
region far away from the place where the phase separation 
occurs. 



3 Phase diagram 

Because of the spin-charge separation, the dynamics of the 
charge and spin sectors can be discussed separately. We 
first consider the charge sector. In terms of the bosoniza- 
tion formulas. 



Jl + Jr 



Jl — Jr 



TT 



IT 



the Hamiltonian He can be written as 

1 



Vc_ 

2 



where Vc = Vco^/l - [K/{t^Vcq)Y and 



1 - Ae/(7r^co) 

1 + Ac/(7rwco) 



[ID 



(12) 



(13) 



Accordingly, the charge sector is gapless away from half- 
filling. 

Next we turn into the spin sector. The relevancy of the 
coupling As in Hg can be determined by the one-loop RG 
equation, which is given by 



dK{l) 
dl 



1 

2^ 



(14) 



For simplicity, we have set = 1 in equation H14|l . From 
equation ifT^ . we see that for As(0) < 0, A^ flows to zero 
and the spin excitations are gapless. On the other hand, 
\s{l oo) — > oo as As(0) > 0. In the latter case, the low 
energy physics can be elucidated by abelian bosonization. 
Using the bosonization formulas 



7+ r 

"^L '^R 



JlJr 



1 



■Jr. 

■Jk 



27r2c 
1 



27r 
1 



(15) 



where = ■Jl(r) -'- *'^L(i?)' ^^'^ ^'^ term becomes 



KJl ■Jr = \s\ — [{d.^sf - [d^OsY] 



When As is positive, the cosine term becomes relevant and 
{(pg) = ■\/7r/2 I where I is some integer. This results in a 
spin gap. 




0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 



Fig. 1. The critical value of t'^ at x — 0.1 and t = 1 for different 
values of the deformed parameter A. 
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0.1 0.12 0.14 0.16 0.18 0.2 



Fig. 2. The critical value of t'^ at J — 0.1 and t — 1 for different 
values of the deformed parameter A. 



To proceed, we have to use the expression of As H1U|) . 
For given x > 0, J/t <C 1, and A, we found that As will 
change its sign from As < to As > by increasing the 
value of t' /t, where x = 1 — n is the hole concentration. 
Although equation 1)10(1 is derived under the assumption 
Z\ ^ 1, we shall extrapolate it to Z\ = 1 to get a rough 
estimate of the phase boundary. The critical value {t' /t)c 
is determined by the equation As = 0. The solution of it 
gives the dependence of {t'/t)c on x and J/t, and the re- 
sults are depicted in figures ^ and [5] As mentioned at the 
end of Sec. El the proper starting point to treat the ID 
t — t' — J model is the two-band model instead of the one- 
band model we employed in this paper for \t'/t\ > 0.25 
and moderate values of x. Therefore, we only consider the 
case with low doping concentrations in both figures. Fig- 
ure ^ gives {t'/t)c as a function of J/t at x = 0.1 for 
A = 0.1, 0.4, 0.7, 1. For fixed x and A, {t'/t)c is a decreas- 
ing function of J/t. But in the range we considered it is, in 
fact, insensitive to the value of J/t at low doping concen- 
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tration except for small values of A. On the other hand, 
for fixed J/t and A, the hole concentration x has dramatic 
effects on [t' /t)c- This can be seen in figure[21 which shows 
that {t' /t)c is an increasing function of x. 

The above study indicates that the low-energy physics 
of the deformed IT) t — t' — J model is described by the 
LLs for t' /t < {t' /t)c, and it becomes a LE liquid as t' /t > 
it' /t)c. In addition, figuresnand|21suggest that {f /t)c > 
even for zi = 1. In fact, by extrapolating equation l|10|l 
into zi = 1, we found {f /t)c ~ 0.32 as a; ^ 0+. (Note that 
the ID t—J model falls into the LL phase j9j.) Accordingly, 
a positive t' favors the opening of a spin gap and thus 
suppresses the AF ordering. Moreover, the J term plays 
a minor role in determining the phase diagram at lightly 
doping as long as the system is far away from the region of 
phase separation. This can be seen by expanding equation 
1)10(1 according to the power of x. Then, the dependence of 
Xs on J/t starts from 0{x^), whereas its dependence on 
t'/t starts from 0(1). 

4 Spin-gap phase 

To further understand the properties of the ground state 
in the spin-gap phase, we first examine the 2kF CDW and 
SS susceptibilities. The corresponding order parameters 
are defined by 

OsS = 2 ■ (16) 

In terms of the bosonization formulas 

V'L(i?,)a = ~^J^^ '7aexp|=F«V47r0L(fl)Q} , (17) 

where 77|(x) are real fermions which satisfy 'yiQ) — 1, they 
can be bosonized as 

OcDW = exp (iV27r<?c| , 
Trap I- > 

Oss = ^;^?7T'?1 exp |iv27r6'c| , (18) 

where = (-/-t + </'i)/%/2, ^'s = {h ~ 0i)/\/2, and 7 = 
(cos (\/27r<?s)). Using equation ((18|l . we obtain the long 
distance behaviors of the Ikp CDW and SS susceptibilities 

(Oc_Dw(T,a;)O^^^y(0,0)^ - , 

[Oss(T,x)0\s{m) - . (19) 

where z = VcT+ix. Equation (|19|l indicates that the domi- 
nant fluctuations are the SS for Kc > 1 and the 2kp CDW 
for Kc < 1. To determine which one occurs in the spin-gap 
phase, we resort to equation ©. In terms of As, Ac can be 
expressed by 




where f{x) = t[l + cos (ttx)] + At' sin (f 2^) [1 — cos {2ttx)]. 
Note that f{x) > for < a; < 1 and t' > 0. The spin- 
gap phase corresponds to As > 0, which results in Ac < 
from equation H2()|l . Plugging this into equation p3(l gives 
Kc > 1. Although both the SS and 2kp CDW correlations 
are enhanced in the spin-gap phase compared with the free 
fermions, the SS one is dominant. 

To seek the origin of the enhancement of the SS corre- 
lations in the spin-gap phase, we notice that the structure 
of Hs Q is identical to the continuum one for the spin- 
1/2 Heisenberg chain with the additional next-nearest- 
neighbor exchange interaction J' (the J~J' model) ^Hl- In 
that case, the low energy physics is described by the LL as 
J' / J < {J'/J)c, where {J'/J)c denotes the critical value 
of J'/ J, because a negative value of As flows to zero under 
the RG transformations. By increasing the value of J' such 
that J'/ J > {J'/J)c and thus As becomes positive, then 
As(/ — > 00) 00 and the spin gap is opened 10 . In the lat- 
ter situation, the opening of the spin gap is associated with 
the occurrence of the spin-Peierls ordering, which breaks 
the symmetry of translation by one site (the Z2 symme- 
try) spontaneously. This comparison implies that in the 
presence of a positive t', the spin sector of the t — t' — J 
model has the tendency toward the spin-Peierls ordering 
without including the J' term. (The spontaneous breaking 
of the Z2 symmetry in the spin background is restored by 
the hole motion in the present case. See equation (|22|l .') On 
the other hand, the lowest-energy spin excitations in the 
spin-gap phase are also the massive spinons, which are 
the kink or anti-kink connecting two degenerate ground 
states. This observation on the spin excitation spectrum 
provides another evidence to support that the underlying 
spin background in the spin-gap phase is the spin-Peierls 
state. Finally, we examine the correlations of the dimer- 
ization operator: 

e{x) = Sj ■ Sj+i - Sj+i ■ S.j+2 , (21) 

where x = jag. Then, for \x\ 00, we have 

ieix)em^r-^^^^. (22) 

Since 2fc_F = 7r(l — a^), at lightly doping (a; <C 1), the cosine 
term in equation H22|l locally mimics the alternation that is 
characteristic of a dimerized spin chain (the J— J' model). 
The corresponding spin-Peierls ordering is weakened by a 
power law due to the charge fluctuations. 

To sum up, the effect of a positive t' is to enhance the 
spin-Peierls ordering (and suppress the AF ordering) such 
that the whole system behaves like a doped spin-Peierls 
state. The doped holes in the spin-Peierls state are in- 
clined to form the local hole pairs due to the energetic 
consideration. Furthermore, the calculation of the SS cor- 
relator indicates that the other effect of a positive t' is 
to enhance the Josephson tunneling between these local 
hole pairs, which results in the phase coherence between 
themfTT]. 
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5 Conclusions and Discussions 

We obtain the phase diagram of the ID i — — J model 
by studying the deformed version of it. We found that the 
effects of the positive t' at lightly doping are (i) to open 
the spin gap by enhancing the spin-Peierls ordering (and 
suppressing the AF ordering), and (ii) to make the hole- 
pair propagation become coherent and thus enhance the 
SS correlations. In other words, a positive t' provides a 
mechanism for the occurrence of the ID superconductors 
in the one-hand system with purely repulsive force. 

Our findings about the effects of a positive t' are rem- 
iniscent of the role of the next-nearest-neighbor exchange 
interaction, J', played on the spin-1/2 Heisenberg chain. 
The existence of a spin-gap phase in the ID t — J — 
J' model at low doping concentration was indeed pre- 
dicted, as long as J' / J > [J' /J)c ~ 0.24 and J/t < 
{J/t)p, where {J/t)p = 0{1) denotes the boundary of 
phase seDaration |12lli;-{| . The underlying reason is that a 
spin gap already exists at half-filling for J' / J > {J' /J)c 
and it is stable against the lightly hole doping. As a matter 
of fact, the opening of the spin gap in both the t — t' ~ J 
and t—J—J' models results from the same operator. From 
the viewpoint of the Hubbard model, i.e. the t — t' — U 
model^^, a J' term in the low-energy effective Hamil- 
tonian will be generated from the t' term in the large-C/ 
limit, where U > denotes the on-site interactions be- 
tween electrons. However, the value of J' generated by 
this way is given by J'/ J ^ (t'/t)'^. According to our 
results (figure EJ, the induced J' is stiU in the region 
J'/ J < {J'/J)c at lightly doping when t' /t > [f /t)^. 
Therefore, it is less possible that the spin-gap phase we 
found arises from the J' term induced by a positive t' 
though the spin-gap phases in both models belong to the 
same universality class. 

It should be mentioned that our results about the 
opening of the spin gap in the deformed t — t' ^ J chain 
are also valid at half-filling, i.e. n = 1. In that case, the 
Umklapp processes ignored in our analysis become rele- 
vant and thus a charge gap is opened, which corresponds 
to Kc = 0. Because the Umklapp processes are composed 
of the spin-singlet operators, they do not affect the spin 
sector, especially equation (flUI) . Therefore, there still ex- 
ists {f /t)c > at half- filling such that there is an alge- 
braic long range AF order with gapless spin excitations for 
t'/t < {t' /t)c, whereas a spin hquid phase with the long- 
ranged spin-Peierls order emerges for t'/t > {t' /t)c- (Note 
that at half-filling, equation (|22|l gives (e(a;)) ^ (—1)^7.) 
In this sense, the deformed t — t' — J model at half-filling 
behaves like the J — J' model instead of the Heisenberg 
chain (or the t—t' — J chain at half-filling), which is known 
to be gapless in its spin sector. As mentioned in the previ- 
ous paragraph, an effective J' term will be generated from 
the t' term in the strong coupling regime of the t~t' — U 
model, which also contains both the Luttinger liquid and 
spin-gap phases. Compared with our results, it seems to 
suggest that in the case of half-filling the deformed t—t'— J 
model may belong to the same universality class of the 
t — t' — U model in the strong coupling regime, in stead 
of the t — t' — J model. Whether this discrepancy at half- 



filling is a generical feature or not needs more work to 
clarify it. 

The application of our analysis on the deformed t — J 
type model to the usual one {A = 1) is based on the 
assumption that the deformed model with zi ^ 1 is adia- 
batically connected to the one with A = 1. That is, there 
is no phase transition by increasing the deformation pa- 
rameter A from Z\ ^ 1 to Z\ = 1. This assumption has 
been examined in reference |7j where the phase diagram 
of the t — Jz model was studied. The phase diagram ob- 
tained by the deformed model is identical to that predicted 
by the numerical methods. This supports the use of the 
technique of the deformed Hubbard operator to study the 
t — J type models. However, a recent numerical work on 
the t — t' — J chain indicated that even moderate values of 
t' results in the breakdown of the LLs^^. In addition, the 
low-doping phase shows similarities with the doped two- 
leg t — J ladders where the Fermi surface takes the form 
of a hole pocket and the quantum numbers carried by the 
elementary excitations are the same as those of the doped 
holes. From the point of view of the renormalization group, 
the instability of the LLs found in reference ^H] should 
result from a relevant operator generated by the t' term, 
which mediates an attraction between the charge and spin 
sectors. For example, the spin-charge recombination in the 
two-leg ladders arises from the superexchange interaction 
along the rung. The operators which mix the charge and 
spin sectors may occur in the six-fermion interactions in 
the continuum theory. But these are irrelevant operators 
in the weak coupling regime, i.e A <^ 1. Nevertheless, we 
cannot exclude the possibility that one of the six-fermion 
interactions mixing the charge and spin sectors becomes 
relevant in the strong regime, i.e. A = 1. This problem is 
intimately related to the previous one: whether a phase 
transition exists between Z\ <C 1 and Z\ = 1 or not. This 
issue deserves further study. In addition, to determine the 
exact value of {t' /t)c at Z\ = 1, further numerical work is 
warranted. 

We would like to thank the discussions with Y.C. Chen, 
M.F. Yang, and T.K. Lee. Y.L. L. is grateful to Global fiberop- 
tics. Inc. for financial support. The work of Y.-W. L. is sup- 
ported by the National Science Council of Taiwan under grant 
NSC 91-2112-M-029-012. 

A Derivation of the continuum Hamiltonian 

In this appendix, we provide the details for the derivation 
of the continuum Hamiltonian from the lattice model 
given by equations 1^ and (01. Equations ^ and (|10|1 
result from this procedure automatically. 

Inserting equation Q into equation ^ gives 

H/i = Ho + Hi + H2 + H3 + H4 , 

where 

Ho = -t{l- Zi|)'5] (c]+i„c,„ -HH.c.) 

-^'(i-^?)'E(sW,.+H.c.) , (Al) 
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and The same procedure is applied to H3 except that t and ao 

. ^, |- are replaced by t' and 2ao, respectively. Accordingly, we 

Hi ^tA\\- Z\-j ^ : + : nj+i_„ :) have 

H.c] , (A2) H3 = 4i'ao/i(l-/i|)cos(^n)/da;{(:JiJi: + :JiiJfl: 



H2 = -tZi^ , i^Cja: nj+i_a :: nj_Q :+H.c. ) , (A3) .4, ^. . x 

Next we investigate H2. To proceed, we need the fol- 
lowing OPE's: 
+H.C.] , (A4) 

H4 = -t'zi^ ;^(c]+2aCja: n,+2_a :: :-KH.C.) . (A5) JLa(z)^L/3(0) ^ -|^^La(0) , (A13) 



H3 = i'Z\ (^1 - ^ [c]+2aCj«(: rij-c : + : :) 



J, a 



In the above, : := 'T-jQ — § and n is the electron density. " i^Lp\ 2tyz 

In the following, we shall restrict to the case away from 

half- filling. Then, using equations ljA7|l and IjAlSp . we obtain for a —1 

We first consider Hi . Using equation ^ , one may find 1 i 
the following operator product expansion (OPE) for a =t ^ 

, I '■ n-j + la '■ /o-o 

2sin(fci^ao) (smikpao) ^/ t , 7 ^ 

t Sm feFflp « <^ + cos (kFao){JLa + JRa) 

^Ur^ + H.C.) . (A6) + (e^^'=-e--o^LV^K. + H.c.) } + : J,. : 

+ : J/fa J/fa : +4sin^ (/cFfto) JiaJija . (A14) 

Furthermore, in terms of the -^-fermions, the density op- 
erator for spin a, : nja :, can be written as In equation HA14|I . the 2n kp t erms with n > 1 are ne- 
glected. By using equations l|A6(l and HA14() and neglecting 
a constant term, H2 becomes 



TTOO 



Jia + JRa + ( e2*'''^''V'LV'i?,a + H.C, 



(A7) 2 

where JL(i?)a =: V'l(i?)„V'L(i?)a :■ With the help of equa- ^_^^ 8tao^ jdx{cos^[kFao){JL]JLi+JR.]JRi 
tions ljA6|l and IjATp and neglecting the constant term. Hi , 

becomes +JlJr)—^{:Jlo.Jl<.: + :^i?a Jfla:)-:V'LV'L,3V'li^^Afia: [ • 



Hi = ^taoA [l - cos (fci^ao) jdx {Jl^Jli + Jr^Jri 

+ JlJr- ■■ 1pla'^Lf3->plifj1pRa :) 



With the help of equations IjAQp . HA10|) . and the identity 

: JhaJha ■ + : JRaJRa ■ (^15) 



In terms of the identity ^ ^{-JlJl- + ■JrJr-) + ^ {-Jl ■ Jl- + -Jr ■ Jr-) , 

JlJl — 2«^L ■ Jl , (A8) we arrive at 
we obtain ^2 = ^«o^^ (W2) cos (^n) f^^^ ^^^^ ^ ^ ^ ^^^^ 

111 J 

Jl^Jli = ^JlJl ~ Jl-Jl = -^JlJl - ^Jl ■ Jl ■ (A9) , , ^ , ^ 4too/\^ sin (7rn/2) 

In addition, we have 



■iJLJR.) ^/da:{[2 + cos (ttti)] 



x{: Jl-Jl ■. + :Jr- Jr :) + 12Jl • Jr} . (A16) 

• i^la'^LptpRpil^Ra := 2'^lJr + 2Jl ' Jr ■ (AlO) With the same procedure, H4 becomes 

Inserting equations (|A9p and IjAlOp into Hi gives 2t'aQA^ sin (7rn) cos (27rn) f , , j j 

H4 = / ax{: JlJl ■ + ■ JrJr ■ 



Hi ^ 2taoA (1 - cos {^n) jdxiWL: + -.JrJr:. _ St'a.A^ sinj.n) r ^ ^^^^^^ 

+2JlJr) ~ -{-.Jl ■ Jl-- + -Jr ■ Jr- +GJl ■ Jr)} - (All) x{: Jl - Jl ■- + ■- Jr ■ Jr :) + 12Jl • Jr} ■ (A17) 
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Finally, we turn into Hj. First, we have 



References 



rij+i ■.-.n^-./al 

2 sin (kpao) 



sin (kpao) 



+ cos {kFao){JL + Jr) 



+ : JlJl ■ + ■ JrJr ■ +2JlJr - 2 cos (2/cFao) 



2 sin {kpaa) 



sin (kpao) 



cos {kFao){JL + Jr) 



+ : JlJl ■ + ■ JrJr ■ +[2 - cos (2fcFao)] Jl 

-4 cos {2kFao)JL ■ Jr , (A18) 

Next, in terms of the ^/;-fermions, the spin operator can be 
written as 



Sj ~ ao [Jl + Jr + (e^^'^^'m + H.c.)] 



where m = ^ipl^^{or)ai3tpR0- Using the OPE's 



(A19) 



m{x + ao) ■ mt(a;) — 



— +i{JL + JR) 

TTflo 



+ ^Jl ■ Jr - IjlJr , (A20) 



1 



— - i{JL + Jr) 

TTflo 



-Jl ■ Jr. — -^JlJr , 



we obtain 



JlJl 



Jr - Jr'- +2Jl ■ Jr 



_^g2»fe^ao^(^ + flo)-mt(x) + e-'^'''''"'°m){x + flo)-m(x) 



3 sin (kpaa) 
27rfln 



sin (kpao) 



TTflo 



+ cos(A:_Fao)(JL + Jr) 



Jl ■ Jl ■ + ■ Jr ■ Jr ■ +[2 + cos (2A:_Fao)] Jl ■ Jr 



(A21) 



■ cos {2kFao)JLJR 



Again, the 2nkp terms with n > 1 in equations (|A18|) and 
ljA2ip are neglected. With the help of equations (jA18|) and 
HA2ip . we get 



H,7 = Jflo j dx |:Jl • Jl: + -Jn^ ■ Jr. +4cos2(| 
X Jl • Jr} - ^Jdx\^:JLJL- + -JrJr- +4cos2(| 



xJlJr} 



nj 
(A22) 
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By co llecting equations HA11|I . (|A12|) . HA16|I . (jA17p . and 
ljA22p . we obtain the continuum Hamiltonian i?^ with the 
expressions © and ifTTijl . 



